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Abstract
The characteristic function method has been employed to determine and investigate certain classes of solution
of a system of ﬁrst-order nonlinear hydrodynamical equations of a perfect ﬂuid with respect to different Coriolis
parameters. The application of a one-parameter group of inﬁnitesimal transformations reduces the number of
independent variables by one, and consequently, the system of partial differential equations in two independent
variables reduces to a system of ordinary differential equations. The resulting differential equations are solved
analytically for some special cases.
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1. Introduction
The hydrodynamics partial differential equations which describe ﬂows of a perfect incompressible ﬂuid
are traditional objects of investigation by means of methods of group analysis [2,5,6]. Oceanographers
discovered the importance of Coriolis forces and so it must be included in the mathematical model
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of numerous scientists and researchers to investigate internal waves, surface waves, tidal waves, and
pulses [3].
The purpose of this paper is to provide a systematic treatment of the characteristic function method for
analyzing and classifying the solution of differential equations of a perfect ﬂuid with respect to different
Coriolis parameters.
The characteristic function method [7] is powerful, versatile and fundamental to the development of
systematic procedures that lead to invariant solutions of nonlinear problems. Since the characteristic
function method is not based on linear operators, superposition or other requirements of linear solution
techniques, it is applicable to both linear and nonlinear differential models. The mathematical technique
presented in this analysis is the one-parameter group transformation. The characteristic function method,
in general, is a class of transformationwhich reduces the number of independent variables in some systems
of partial differential equations by one. The advantages of this method are a result of considering the
system of partial differential equations as a system of algebraic equations, and in reducing the number
of independent variables by one, it is possible to obtain a new system of partial differential equations
with/without continuing to obtain ordinary differential equations; consequently, the characteristic function
method yields complete results with less effort. Hence, it is applicable in the solution of a wider variety
of nonlinear problems.
2. Mathematical formulation of the problem
The system of equations governing steady, two-dimensional, incompressible ﬂow of ﬂuid under the
inﬂuence of the Coriolis force [1,4] are of the form
uux + uy − L(y)g(x)=−px, (2.1)
ux + y + L(y)g(x)u=−py, (2.2)
ux + y = 0, (2.3)
where x and y be Cartesian coordinates, u and  are the respective velocity components along the x- and
y-axes, and p the pressure. The Coriolis parameters Lg are to be functions of y and x, respectively, where
the termsL(y)g(x)u andL(y)g(x) represent components of acceleration produced by the Coriolis force.
For Lg= 0, system of equations (2.1)–(2.3) coincides with that of the usual equations of hydrodynamics
of a perfect ﬂuid.
3. Solution of the problem
Our method of solution depends on the application of a one-parameter group transformation to the
system of partial differential equations (2.1)–(2.3). Under this transformation the two independent vari-
ables (x, y) will be reduced by one to the independent variable (). By applying this transformation, the
system of partial differential equations is transformed into a system of ordinary differential equations.
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3.1. The group systematic formulation
This system of partial differential equations can be considered as two algebraic equations with eleven
variables, namely, u, , p, x, y, q1, q2, q3, r1, r2 and r3, where
q1 = u
x
, q2 = 
x
, q3 = p
x
,
r1 = u
y
, r2 = 
y
, r3 = p
y
. (3.1)
Thus Eqs. (2.1)–(2.3) become
G1 ≡ uq1 + r1 − L(y)g(x)+ q3 = 0, (3.2)
G2 ≡ uq2 + r2 − L(y)g(x)u+ r3 = 0, (3.3)
G3 ≡ q1 + r2 = 0. (3.4)
To apply the characteristic function method to the two-dimensional steady ﬂow equations (2.1)–(2.3),
we consider the one-parameter group of inﬁnitesimal transformations in (x, y, u, , p) given by
x¯ = x + (x, y, u, , p)+ O(2),
y¯ = y + (x, y, u, , p)+ O(2),
u¯= u+ m1(x, y, u, , p)+ O(2),
¯= + m2(x, y, u, , p)+ O(2),
p¯ = p + m3(x, y, u, , p)+ O(2),
q¯i = qi + Qi(x, y, u, , p, q1, q2, q3, r1, r2, r3)+ O(2),
r¯i = ri + Ri(x, y, u, , p, q1, q2, q3, r1, r2, r3)+ O(2), (3.5)
where  is the group parameter and i = 1, 2, 3.
3.2. The characteristic functions
Deﬁne the characteristic functionsW1,W2 andW3, as
Wi(x, y, u, , p, q1, q2, q3, r1, r2, r3)= (x, y, u, , p)qi + (x, y, u, , p)ri
−mi(x, y, u, , p) for i = 1, 2, 3, (3.6)
where the inﬁnitesimals of the group of transformations , ,m1,m2,m3,Q1,Q2,Q3, R1, R2 and R3
express in terms of three characteristic functionsW1,W2 andW3 as:
= Wi
qi
,
= Wi
ri
,
108 M.B. Abd-el-Malek, M.M. Helal / Journal of Computational and Applied Mathematics 182 (2005) 105–116
mi = Wi
qi
qi + Wi
ri
ri −Wi,
−Qi = Wi
u
q1 + Wi

q2 + Wi
p
q3 + Wi
x
,
−Ri = Wi
u
r1 + Wi

r2 + Wi
p
r3 + Wi
y
, for i = 1, 2, 3. (3.7)
Substitute (3.6) into the last two expressions of Eq. (3.7), leading to
−Qi =
(

u
qi + 
u
ri − mi
u
)
q1 +
(


qi + 

ri − mi

)
q2
+
(

p
qi + 
p
ri − mi
p
)
q3 +
(

x
qi + 
x
ri − mi
x
)
,
−Ri =
(

u
qi + 
u
ri − mi
u
)
r1 +
(


qi + 

ri − mi

)
r2
+
(

p
qi + 
p
ri − mi
p
)
r3 +
(

y
qi + 
y
ri − mi
y
)
, for i = 1, 2, 3. (3.8)
3.3. The invariance analysis
Under the inﬁnitesimal group of transformation, the system of differential equations (3.2)–(3.4) are
invariant if
DGi = 0 (i = 1, 2, 3),
or, in expanded form, we have

Gi
x
+ Gi
y
+m1 Gi
u
+m2 Gi

+m3 Gi
p
+Qj Gi
qj
+ Rj Gi
rj
= 0, (3.9)
where i, j = 1, 2, 3. Substituting Gi from Eqs. (3.2)–(3.4) into Eq. (3.9), making use of the expressions
given by Eq. (3.8) and eliminating r1, r2, and r3, we get
G1 ≡ 0=
[
m3
x
− gxL− gLy+ g2L2

p
u− gL
y
+ gLm1
u

− g2L2 
u
+ m1
y
+ m1
x
u− gLm1
p
u
]
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+ q1
[
m1 + m3
u
− 
x
u− 
y
− 
x
− gL 
p
u2 + 
y
u+ m1
p
2 − m1


+ gL

+ 2gL
u
u+ 
x
u2

− gL 
p
2 + gL 
p
u− gL 
u
−m2u

]
+ q2
[
m3

+ 
x
u− m1
p
u+ m1

u+ gL 
p
u
]
+ q3
[
m3
p
− 
x
+ 2gL
u
− m1
u
+ m1
p
u− gL 
p
u+ 
y
+ 
x
u

− m2

]
+ q21
[
−

u− 
u
− 
p
2 + 
p
u+ 


]
+ q22
[


u
]
+ q23
[
− 
p
+ 
p
u

− 
u
1

]
+ q1q2
[
−

u− 
p
u2 + 

u2

+ 
u
u− 

+ 
p
u
]
+ q1q3
[
−
u
u

+ 
p
u2

− 
p
u− 

]
+ q2q3
[


u

− 

]
, (3.10)
G2 ≡ 0=
[
m3
y
+ gxLu+ gLyu+
m2
y
+ gLm1 + gL
m3
u
− gLm2
p
u
− g2L2 
p
u2 + m2
x
u+ gL
y
u+ g2L2 
u
u+ gLm2
u
− gLm3
p
u
− g2L2 
p
u2 + m2
x
u+ gL
y
u+ g2L2 
u
u+ gLm2
u
− gLm3
p
u
]
+ q1
[
m3
p
− m3
u
u

+ 
x
u+ gL 
p
u− gL
u
u2

+ m2
p
2
− m3

− m2

− gL

u−m2
]
+ q2
[
−2gL 
p
u2 + gL 
p
u− gL 
u
− 
y
+ gL
u
u− m2
p
u
− 
x
u− m3
p
u+ m2

u+ 
y
u+m1
]
+ q3
[
− 
y
+ gL 
p
u+ m2
p
u− gL 
u
− gL
u
u
v
− m2
u
− m3
u
1
v
]
+ q21
[

u
u
]
+ q22
[
− 
p
u2 + 
p
u− 

u
]
+ q23
[

u
1

]
+ q1q2
[
−
u
u2

− 

+ 
p
u− 
p
2
]
+ q1q3
[

p
u− 
p
+ 

+ 
u
u

]
+ q2q3
[
−
u
u

+ 
u
]
, (3.11)
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G3 ≡ 0=
[
−gL
x
− gLm2
p
u+ m1
x
+ m2
y
+ gLm2
u
]
+ q1
[
−m2
u
u

+ 
x
u

− gL 
p
u+ 
y
− m2

+ m1
u
− 
x
+ m2
p

]
+ q2
[
−gL

− 
y
− gL 
u
+ gL 
p
u− m2
p
u+ m1

]
+ q3
[
−m2
u
1

+ 
x
1

+ m1
p
− gL 
p
]
+ q21
[
− 
u
− 

+ 
p

]
+ q22
[

p
u
]
+ q23
[

p
1

]
+ q1q2
[


u
v
+ 
u
u
v
− 
p
u− 
p

]
+ q1q3
[
− 
p
+ 

u

]
+ q2q3
[(


+ 
u
)
1

]
. (3.12)
Since these functions are independent of the q’s, they are satisﬁed if and only if all the coefﬁcients of
the independent terms are identically zero.
Any form of the functions , ,m1,m2 and m3 satisfying all three above equations will be a group of
transformations.
Consider the special case in whichm1,m2 andm3 are linear with respect to u,  and p. Thus, we write
m1(x, y, u, , p)=m11(x, y)u+m12(x, y)+m13(x, y)p +m14(x, y),
m2(x, y, u, , p)=m21(x, y)u+m22(x, y)+m23(x, y)p +m24(x, y),
m3(x, y, u, , p)=m31(x, y)u+m32(x, y)+m33(x, y)p +m34(x, y). (3.13)
For the functions  and , let us consider the case in which
(x, y, u, , p)= 1 + 2x + 3y + 4u+ 5 + 6p,
(x, y, u, , p)= 1 + 2x + 3y + 4u+ 5+ 6p, (3.14)
where 1, 1, 2, 2, . . . , 6, 6 are arbitrary constants. Substituting of , ,m1,m2 and m3 from Eqs.
(3.13) and (3.14) into the Eqs. (3.10)–(3.12) leads to
3 = 4 = 5 = 6 = 0, (3.15)
2 = 4 = 5 = 6 = 0, (3.16)
m12 =m13 =m14 =m21 =m23 =m24 =m31 =m32 =m34 = 0, (3.17)
and
m22 =m11, m33 = 2m11 and 3 = 2, (3.18)
where m11 is constant. Also, we get the equation of determination of g and L;
(1 + 3y)
Ly(y)
L(y)
+ (1 + 2x)gx(x)
g(x)
=m11 − 3. (3.19)
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The ﬁnal form of , ,m1,m2 and m3 can be written as
= 1 + 2x,
= 1 + 2y,
m1 =m11u,
m2 =m11,
m3 = 2m11p. (3.20)
Substituting (3.18) in (3.19), we get
(1 + 2y)
Ly(y)
L(y)
+ (1 + 2x)gx(x)
g(x)
=m11 − 2. (3.21)
Now, the characteristic functions deﬁned by Eq. (3.6) become
W1 = (1 + 2x)q1 + (1 + 2y)r1 −m11u,
W2 = (1 + 2x)q2 + (1 + 2y)r2 −m11,
W3 = (1 + 2x)q3 + (1 + 2y)r3 − 2m11p. (3.22)
We conclude that the system of equations (2.1)–(2.3) will be invariant under an inﬁnitesimal group of
transformations, if the characteristic functionsW1,W2 andW3 are of the form (3.22). Therefore, it should
now be possible to reduce the number of independent variables by one.
3.4. The reduction to ordinary differential equations
Our aim is to make use of the characteristic function method to restate the problem in the form of
ordinary differential equations.We proceed to analyze the completion of the transformation in two cases.
Case 1: 2 = 0. Solving Eq. (3.21) to determine L(y) and g(x), we get
L(y)=
(
1
2
+ y
)k/2
and g(x)=
(
1
2
+ x
)(m11−2−k)/2
.
Similarity transformation can be obtained by solving the characteristic system:
dx
1 + 2x =
dy
1 + 2y
= du
m11u
= d
m11
= dp
2m11p
, (3.23)
that leads to the similarity for the independent variables, which is
= (1/2 + y)
(1/2 + x) , (3.24)
and the similarity forms of the dependent variables u,  and p are
u=
(
1
2
+ x
)m11/2
F(), =
(
1
2
+ x
)m11/2
G(), p =
(
1
2
+ x
)2m11/2
H(), (3.25)
where F(),G() and H() are arbitrary functions of  .
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By substituting the self-similar variables u,  and p (in ) from Eq. (3.25) in Eqs. (2.1)–(2.3), we obtain
a system of ordinary differential equations with the independent variable :
m11
2
F 2 − FF  +GF  − k/2G=−2m11
2
H + H, (3.26)
m11
2
FG− FG +GG + k/2F =−H, (3.27)
m11
2
F − F +G = 0. (3.28)
Case 2: 2 = 0. Eq. (3.21) now reduces to
1
Ly(y)
L(y)
+ 1gx(x)
g(x)
=m11,
which gives
L(y)= e(k/1)y and g(x)= e((m11−k)/1)x,
where k is an arbitrary constant.
The characteristic system is
dx
1
= dy
1
= du
m11u
= d
m11
= dp
2m11p
, (3.29)
that leads to the similarity variable
= y − 1
1
x, (3.30)
and the similarity forms of u,  and p are
u= e(m11/1)xF (), = e(m11/1)xG(), p = e(2m11/1)xH(), (3.31)
whereas before, F(),G() and H() are arbitrary functions of  .
By substituting the self-similar variables u,  and p (in ) from Eq. (3.31) in Eqs. (2.1)–(2.3), we obtain
a system of ordinary differential equations with the independent variable :
m11
1
F 2 − 1
1
FF  +GF  − e(k/1)G=−2m11
1
H + 1
1
H, (3.32)
m11
1
FG− 1
1
FG +GG + e(k/1)F =−H, (3.33)
m11
1
F − 1
1
F +G = 0. (3.34)
Subcase 2.1: 2 = 1 = 0, 1 = 0. Therefore, from (3.21) we easily obtain
L(y)= e(m11/1)y,
and g(x) is an arbitrary function.
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The characteristic system becomes
dx
0
= dy
1
= du
m11u
= d
m11
= dp
2m11p
, (3.35)
which gives the similarity variable
= x, (3.36)
and the similarity forms of u,  and p are
u= e(m11/1)yF (), = e(m11/1)yG(), p = e(2m11/1)yH(). (3.37)
Substitution of these similarity forms into Eqs. (2.1)–(2.3) yields the following system of ﬁrst-order
differential equations:
FF  + m11
1
GF − g()G=−H, (3.38)
FG + m11
1
GF + g()F =−2m11
1
H, (3.39)
F + m11
1
G= 0. (3.40)
Subcase 2.2: 2 = 1 = 0, 1 = 0. Therefore, from (3.21) we easily obtain
g(x)= e(m11/1)x,
where L(y) is an arbitrary function.
The characteristic system is now
dx
1
= dy
0
= du
m11u
= d
m11
= dp
2m11p
, (3.41)
which gives the similarity variable
= y, (3.42)
and the similarity forms of u,  and p are
u= e(m11/1)xF (), = e(m11/1)xG(), p = e(2m11/1)xH(). (3.43)
The substitution of these similarity forms into Eqs. (2.1)–(2.3) yields the following system of ﬁrst-order
differential equations:
m11
1
F 2 +GF  − L()G=−2m11
1
H, (3.44)
m11
1
FG+GG + L()F =−H, (3.45)
m11
1
F +G = 0. (3.46)
There is no solution in the case 1 = 2 = 1 = 0 since there is no invariant.
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4. Determination of some solutions
4.1. Solution of case 1: 2 = 0
Let us considerm11=−2, the system of ordinary differential equations (3.26)–(3.28) can be reduced
to
−F 2 − FF  +GF  − k/2G= 2H + H, (3.47)
−FG− FG +GG + k/2F =−H, (3.48)
−F − F +G = 0. (3.49)
One of the solutions of the above system of equations gives
F = 2
2 + k
(
k/2+1
1+ 2
)
, G= 2
2 + k
(
k/2+2
1+ 2
)
, H = −1
2(1+ 2)
(
2
2 + k 
k/2+1
)2
(3.50)
where k = −2.
4.2. Solution of case 2: 2 = 0
For convenience let m11 = 0, the system of ordinary differential equations (3.32)–(3.34) reduce to
−1
1
FF  +GF  − e(k/1)G= 1
1
H, (3.51)
−1
1
FG +GG + e(k/1)F =−H, (3.52)
−1
1
F +G = 0. (3.53)
The solution of the above system of equations gives
F = 
2
1
21 + 21
(
1
k
e(k/1) + u0
)
,
G= 11
(21 + 21)
(
1
k
e(k/1) + u0
)
+ 0,
H =
[
21
3
1
k(21 + 21)2
(
1
2k
e(k/1) + u0
)
+ 1
2
1v0
k(21 + 21)
+ 1
k
]
e(k/1), (3.54)
where u0, 0 and p0 are arbitrary constants and k = 0 .
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4.3. Solution of subcase 2.1: 2 = 1 = 0, 1 = 0
Let m11 = 0, in which case the system of ordinary differential equation has the form
FF  − g()G=−H, (3.55)
FG + g()F = 0, (3.56)
F = 0. (3.57)
The solution of the above system of equations gives
F = u0, G= 0 − (), H = p0 + 0()− 
2()
2
, where ()=
∫
g() d. (3.58)
4.4. Solution of subcase 2.2: 2 = 1 = 0, 1 = 0
Assume m11 = 0, in which case the system of ordinary differential equation has the form
F − L()= 0, (3.59)
GG + L()F =−H, (3.60)
G = 0. (3.61)
The solution of the above system of equations gives
F = u0 + (), G= 0, H = p0 − u0()− 
2()
2
, where ()=
∫
L() d. (3.62)
5. Conclusion
A method based on the determination of the characteristic function has been employed to determine
and investigate certain classes of solution of a system of ﬁrst-order nonlinear hydrodynamical equations
of a perfect ﬂuid under the inﬂuence of different Coriolis parameters and all essentially different solutions
are indicated.
The proposed analysis performed here shows the effectiveness of this method in obtaining invariant
solutions for the system of nonlinear partial differential equations describing an ideal ﬂuid in a two-
dimensional geometry which would be difﬁcult by some other methods. Due to the Coriolis parameters,
the analysis of the problem facedmany difﬁculties that were an essential obstacle in many other analytical
methods.
The deductive manner of the characteristic function method is based on the invocation of invariance
of the PDEs under an inﬁnitesimal group of transformations, the characteristic function method is more
convenient and more systematic since it expresses the inﬁnitesimals of the group in terms of a one or
more functions, called the characteristic functions, where each characteristic function depends only on
one of the dependent variables. The procedure for ﬁnding the inﬁnitesimals then reduces to ﬁnding the
characteristic functions which can be obtained by solving a set of algebraic equations that arise as a result
of invoking invariance of the PDEs, see in [7].
116 M.B. Abd-el-Malek, M.M. Helal / Journal of Computational and Applied Mathematics 182 (2005) 105–116
Acknowledgements
The authors would like to express their gratitude to the American University in Cairo for offering a
research grant to support this work, under the contract number 2100-040-1143-8545. Also, the authors
would like to express their gratitude to the referees for their valuable comments that modiﬁed the ﬁnal
form of the paper, and to their colleague Dr. Mark Werner for carefully checking the manuscript.
References
[1] O.P. Bhutani, M. Poornima, On the solution of hydrodynamical equations via Lie groups, Internat. J. Engrg. Sci. 21 (5)
(1983) 555–562.
[2] A.A. Buchnev, The Lie group admitted by the equations of the motion of an ideal incompressible ﬂuid, In: Dinamika
Sploshnoy Sredy, vol. 7, Institute of Hydrodynamics, Novosibirsk, 1971, pp. 212–214.
[3] M.A. Helal, Shallow water waves in a rotating rectangular basin, Internat. J. Math. Math. Sci. 24 (10) (2000) 649–661.
[4] V.L. Katkov, Group classiﬁcation of equations of hydrodynamics of a perfect ﬂuid, J. Appl. Math. Mech. 37 (1973) 66–74.
[5] P. Olver, Applications of Lie Groups to Differential Equations, Springer, Berlin, NewYork, 1989.
[6] L.V. Ovsiannikov, Group Analysis of Differential Equations, Academic Press, NewYork, 1978.
[7] R. Seshadri, T.Y. Na, Group Invariance in Engineering Boundary Value Problems, Springer, Berlin, NewYork, 1985.
